We give a formula for the expected Euclidean distance between two randomly-chosen points uniformly distributed in an arbitrary rectangle. This problem arises in VLSI layout, analysis of rectangle heuristics for minimum weighted Euclidean matchings, and computing the expected cost of random minimum-cost spanning trees. Overwhelmed by algebraic di culties of the problem, previous researchers have resorted to special cases, asymptotic bounds, and numerical approximations. Using elementary techniques, we overcome these di culties to derive an exact closed-form solution involving square roots, natural logarithms, and rational functions of the two rectangle dimensions.
Introduction
The Two-Terminal Wire Length Problem (WLP 2 ) is to compute the expected Euclidean distance between two randomly-chosen points uniformly distributed in an arbitrary rectangle. This problem arises in VLSI layout design: it characterizes the average wire length needed to connect two randomly chosen terminals on a VLSI chip. This problem also arises as the simplest (n = 2) case of the di cult problems of computing the expected cost of minimum-cost Euclidean spanning trees, minimum Euclidean Steiner trees, and traveling salesman paths, connecting n randomly chosen vertices in an arbitrary rectangle. Variations of WLP 2 Despite the intuitive nature, apparent simplicity, and wide applicability of WLP 2 , the general case of this problem has eluded exact analytical solution. For example, in 1965, Gilbert 3] solved only the special case of WLP 2 for the unit square. Similarly, in 1983, Reingold and Supowit 10] solved a variation of WLP 2 only for the p 2 1 rectangle, in which the two points are required to lie on opposite sides of the rectangle. In 1990, Goddyn 4] analytically solved a much simpler variation of WLP 2 for which one point is xed at the lower-left corner of a unit square. In his probability textbook, Pitman 8, Prob. 21, p. 356] considers WLP 2 on the unit square and challenges the reader to bound its solution from above and below, admonishing that even for the unit square, WLP 2 \is hard to do exactly by calculus." Several researchers have studied the more general problem of computing the expected costs of random minimum-cost spanning trees, but we are aware only of experimental or asymptotic bounds (for example, see 3, 6, 7] To solve each of these four integrals, we apply several fundamental integrals given in Appendix A.
In particular, the six integrals R x k p x 2 + a 2 with 0 k 3 and R ln(x + p x 2 + a 2 ) and R x 2 ln(a + p x 2 + a 2 ) account for most of the calculus. Also, it is helpful to observe that (x 2 + y 2 ) 3=2 = x 2 p x 2 + y 2 + y 2 p x 2 + y 2 . Because the amount of algebra is extensive, we state the results of these four integrations and leave the detailed calculations to Appendix B: 
4 Monte Carlo Simulations
To check our solution, we ran two Monte Carlo simulations and compared the resulting sample mean and standard deviations of D with the corresponding exact values given by Equations 1 and 9. We implemented our simulations in a straightforward fashion and ran them on a Silicon Graphics workstation. For both simulations, we used L'Ecuyer's 9, p. 282] pseudorandom number generator with the Bays-Durham shu e; we also achieved similar results with the Irix pseudorandom number generator \random()". Tables 1 and 2 summarize the results of our simulations. In Simulation I, we worked with rectangles with all possible integral dimensions 1 a b 5. In Simulation II, we worked with rectangles of constant area 1 with selected aspect ratios 1 a=b 1024. Using 10 6 trials per rectangle, the empirical values agree closely with their corresponding theoretical values (through at least two decimal places in Simulation I); moreover, the extent of this agreement increased with the number of trials. Also, as we expected, the standard deviations in Table 2 become large for long, narrow rectangles. Thus, our simulations con rm our theoretical results. 
Alternate Form and Special Cases
To interpret our solution further, we express E D] in terms of the aspect ratio r = a=b and area A = ab of the rectangle. In addition, we simplify our formula for the special cases when the points are uniformly distributed within a square or along a line segment. (11) Figure 1 shows a 3-dimensional graph of Equation 10 produced by Maple 
Solution Expressed in Terms of

Special Case: Line Segment
We now consider the degenerate case when the two points are uniformly distributed along a line segment of length a. Let 
Conclusion and Open Problems
We have given an exact closed-form solution to the general case of WLP 2 . Our solution has applications in a variety of geometric settings drawn from VLSI design, computational geometry, analysis of algorithms, and cognitive science. We conclude by stating two related open problems: 1) Can the extensive algebraic manipulations of our solution be circumvented by using more sophisticated methods? 2) Derive an exact, closedform expression for the expected cost of minimum-cost spanning trees (respectively, minimum Steiner trees) connecting n randomly chosen points in an arbitrary rectangle, for small values of n > 2. For n = 3, we conjecture that this second problem is solvable by case analysis. 
